Invariant manifolds are fundamental tools for describing and understanding nonlinear dynamics. In this paper, we present a theory of stable and unstable manifolds for infinite dimensional random dynamical systems generated by a class of stochastic partial differential equations. We first show the existence of Lipschitz continuous stable and unstable manifolds by the Lyapunov-Perron's method. Then, we prove the smoothness of these invariant manifolds.
INTRODUCTION
This paper, which is a sequel to [10] , is devoted to the existence and smoothness of stable and unstable manifolds for a class of stochastic partial differential equations.
We consider a nonlinear stochastic evolutionary equation in a separable Hilbert space H with a multiplicative white noise:
where A is a generator of a C 0 -semigroup e At in H satisfying a pseudo exponential dichotomy condition, F is a Lipschitz continuous operator with F (0) = 0, and uẆ is a noise. The precise conditions on them will given in the next section. Some physical systems or fluid systems with noisy perturbations proportional to the state of the system may be modeled by this equation. Examples of Eq. (1) are stochastic parabolic PDEs and stochastic wave equations.
In [10], we proved the existence of Lipschitz continuous unstable manifolds for stochastic partial differential Eq. (1) by using a random graph transform and a generalized random fixed point theorem.
In the present paper, we study the existence and smoothness of stable and unstable manifolds for Eq. (1). In brief, our main results on the stable and unstable manifolds may be summarized as follows (the precise statements are given in Sections 3-5). We assume that the semigroup e At satisfies a pseudo-exponential condition and the Lipschiz constant of F is dominated by a spectrum gap. Then, there exist global Lipschitz continuous stable and unstable manifolds for stochastic Eq. (1). Furthermore, if F is C k and a large spectrum gap condition holds, then these stable and unstable manifolds are C k smooth. The manifolds we study here actually are so-called pseudo-stable and pseudo-unstable manifolds which include the usual stable and unstable manifolds. As for the deterministic systems, we do not need the large spectrum condition for the smoothness of the usual stable and unstable manifolds of stochastic evolutionary Eq. (1). When F is a C 1 function, the conditions for existence of the C 1 stable and unstable manifolds are the same as those for the existence of Lipschitz manifolds. In applications, F is hardly globally Lipschitz continuous. However, when considering qualitative behavior of solutions near compact invariant sets such as stationary solutions, global attractors, etc., one can study a modified equation through a cut-off procedure so that the modification of F is globally Lipschitz continuous.
In this paper, we also consider a nonlinear stochastic evolutionary equation in H with a additive white noise:
where A and F are the same as in Eq.
(1), andẆ is an infinite dimensional white noise in space H . The precise conditions on them will given in the next section.
